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Given a category pair (C,D), where D is dense in C, the abstract coarse shape category
Sh∗(C,D) was recently founded. It is realized via the category pro∗-D deﬁned on the class of
all inverse systems in D. In this paper monomorphisms and epimorphisms in the category
pro∗-C are considered, for various categories C. The characterizations of epimorphisms
(monomorphisms) in the category pro∗-C are given, provided C admits products (sums).
Since, one may consider the category pro-C as a subcategory of pro∗-C, we discuss in which
cases an epimorphism (monomorphism) in pro-C is an epimorphism (monomorphism)
in pro∗-C as well. We answered this question aﬃrmatively for a category C admitting
products (sums). It is shown by examples that the answer is generally negative, i.e. there
exists a certain category C and an epimorphism (monomorphism) in pro-C which is not an
epimorphism (monomorphism) in pro∗-C.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In 2005 N. Uglešic´ and S. Mardešic´ [7] introduced an equivalence relation between metric compacta, called S∗-equiv-
alence, such that all ﬁbres of a shape ﬁbration over a metric continuum are S∗-equivalent. Mardešic´ and Uglešic´ proved that
shape equivalent compacta are always S∗-equivalent. Since, in 1979 J. Keesling and S. Mardešic´ [5] have introduced a shape
ﬁbration over a metric continuum with the ﬁbres belonging to 2ℵ0 different shape types (see [2]), the classiﬁcation of metric
compacta induced by the S∗-equivalence is strictly coarser than the shape classiﬁcation. Recently, N. Koceic´ Bilan and N.
Uglešic´ founded a shape theory coarser than the usual one [3]. In that paper, for any category pair (C,D), where D is dense
in C (in the shape-theoretical sense [6]), an abstract coarse shape category Sh∗(C,D) , having C-objects for the object class,
has been constructed. In the most interesting case C = HTop (the homotopy category of topological spaces) and D = HPol
(the homotopy category of spaces having the homotopy type of polyhedra), one obtains the coarse shape category of
topological spaces Sh∗ ≡ Sh∗(HTop,HPol) . It has been proved that the category isomorphisms in Sh∗ induce classiﬁcation which
extends the classiﬁcation of metric compacta induced by the S∗-equivalence to the classiﬁcation of all topological spaces.
The coarse shape type classiﬁcation is strictly coarser than the standard shape type classiﬁcation. The Keesling–Mardešic´
shape ﬁbration [5] is an essential example which shows the difference between the shape type and the coarse shape type
classiﬁcation. However, on the subclass of spaces having the homotopy type of polyhedra, coarse shape, shape and homotopy
type coincide. The faithful functor J (C,D) : Sh(C,D) → Sh∗(C,D), keeping the objects ﬁxed, which relates the abstract shape
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theory. The category Sh∗(C,D) is obtained from the category pro∗-D which is deﬁned on the class of inverse systems in
D. For any pair X , Y of C-objects, there is a bijection between the set Sh∗(C,D)(X, Y ) of coarse shape morphisms and the
set pro∗-D(X,Y ) of morphisms between inverse systems X and Y , i.e. Sh∗(C,D)(X, Y ) ≈ pro∗-D(X,Y ), where p : X → X and
q : Y → Y are D-expansions of objects X and Y , respectively. Thus, the category Sh∗(C,D) is obtained via the category pro∗-D
in the same manner as the abstract shape category Sh(C,D) is obtained via the category pro-D. Namely, the categories pro-D
and pro∗-D have the same object class (inverse systems in D), but sets of morphisms are much larger in pro∗-D. Since a
certain faithful functor J ≡ JD : pro-D→ pro∗-D, keeping the objects ﬁxed, has been constructed, one may consider pro-D
to be a subcategory of pro∗-D. Therefore, we may write
D ⊆ pro-D ⊆ pro∗-D. (1)
Since, pro∗-D is essential in the foundation of the coarse shape theory, its studying, for various categories D, is the primary
interest of the researchers in further development of this theory.
The fundamental problem in any category A is to determine its isomorphisms, monomorphisms and epimorphisms. In
this paper, at the ﬁrst place, we are dealing with monomorphisms and epimorphisms of the category pro∗-C , in particular
with their characterizations, for various categories C . Recently, J. Dydak and F.R. del Portal [1] have considered similar
problems, but for pro-categories.
Let us ﬁrst recall the deﬁnition of an epimorphism and a monomorphism in an arbitrary category A.
Deﬁnition 1. A morphism f ∈ A(X, Y ) of a category A is called an epimorphism (of A) if, for each pair of morphisms
g, g′ ∈A(Y , Z), g f = g′ f implies g = g′ . A morphism f ∈A(X, Y ) of a category A is called a monomorphism (of A) if,
for each pair of morphisms g, g′ ∈A(Z , X), f g = f g′ implies g = g′ .
The following is a well-known consequence of the above deﬁnition:
Proposition 1. Let B be a subcategory ofA, B ⊆A. If f ∈ B(X, Y ) ⊆A(X, Y ) is a monomorphism (epimorphism) of the categoryA,
then f is a monomorphism (epimorphism) of the category B.
Of course, the converse of Proposition 1 is not generally true. For instance, the inclusion map Q ↪→ R is an epimorphism
of the category of Hausdorff spaces although it is not an epimorphism of the category of topological spaces. Therefore, for
an arbitrary category C, the following two problems naturally arise:
Problem 1. If a C-morphism f : X → Y is a monomorphism (epimorphism) of a category C , is it true that the induced
morphism J ( f ) : X → Y is a monomorphism (an epimorphism) of the category pro∗-C?
Problem 2. If a morphism f : X → Y of a category pro-C is a monomorphism (epimorphism), is it true that the induced
morphism f ∗ = J ( f ) : X → Y is a monomorphism (an epimorphism) of the category pro∗-C?
We answer the above questions in Sections 3 and 4.
2. Preliminaries
Let us brieﬂy recall the well known notions and main facts concerning a pro-category (see [6]) as well as the recently
constructed pro∗-category (see [3]).
Let C be a category. An inverse system in C , denoted by X = (Xλ, pλλ′ ,Λ), consists of a directed preordered set (Λ,),
called the index set, of C-objects Xλ for each λ ∈ Λ, called the terms of X , and of C-morphisms pλλ′ : Xλ′ → Xλ (pλλ = 1Xλ ),
for each related pair λ  λ′ in Λ, called the bonding morphisms of X , such that pλλ′ pλ′λ′′ = pλλ′′ , whenever λ  λ′  λ′′ .
A morphism of inverse systems ( f , fμ) : X → Y = (Yμ,qμμ′ ,M) consists of a function f : M → Λ, called the index function,
and of C-morphisms fμ : X f (μ) → Yμ for each μ ∈ M , such that, for every related pair μ  μ′ , there exists a λ ∈ Λ,
λ f (μ), f (μ′), such that
fμp f (μ)λ = qμμ′ fμ′ p f (μ′)λ.
The composition of morphisms of inverse systems is deﬁned as follows: Given any ( f , fμ) : X → Y and any (g, gν) : Y →
Z = (Zν, rνν ′ ,N), then (g, gν)( f , fμ) = (h,hν) : X → Z , where h = f g : N → Λ and hν = gν f g(ν) : Xh(ν) → Zν . The identity
morphism on X is (1Λ,1Xλ ) : X → X .
Let X and Y be two inverse systems over the same index set Λ. A morphism (1Λ, fλ) : X → Y is called a levelmorphism
of inverse systems, provided
fλpλλ′ = qλλ′ fλ′ ,
for every related pair λ λ′ .
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provided each μ ∈ M admits a λ ∈ Λ, λ f (μ), f ′(μ), such that
fμp f (μ)λ = f ′μp f ′(μ)λ.
This deﬁnes an equivalence relation ∼ among morphisms of inverse systems. The equivalence class [( f , fμ)] of an ( f , fμ)
is denoted by f . The equivalence relation respects the composition of morphisms of inverse systems. Thus, the composition
of equivalence classes is well deﬁned by putting
g f = [(g, gν)][( f , fμ)]= [(g, gν)( f , fμ)].
The corresponding quotient category having all inverse systems X in C for objects and all equivalence classes f of mor-
phisms of inverse systems for morphisms is denoted by pro-C and is called the pro-category for the category C . We may
treat each C-morphism f : X → Y as a morphism in pro-C by putting f = ( f ) : (X) → (Y ), where (X) and (Y ) are rudi-
mentary inverse systems. The morphism f is said to be induced by f . In this way, a category C can be considered as a
subcategory of pro-C.
An S∗-morphism of inverse systems, ( f , f nμ) : X → Y , consists of a function f : M → Λ, called the index function, and of
a set of C-morphisms f nμ : X f (μ) → Yμ, n ∈ N, μ ∈ M, such that, for every related pair μμ′ in M , there exists a λ ∈ Λ,
λ f (μ), f (μ′), and there exists an n ∈ N so that, for every n′  n,
f n
′
μ p f (μ)λ = qμμ′ f n
′
μ′ p f (μ′)λ.
If the index function f is increasing and, for every pair μ  μ′ , the above equality holds with λ = f (μ′), then ( f , f nμ) is
said to be a simple S∗-morphism. If, in addition, M = Λ and f = 1Λ , then (1Λ, f nλ ) is said to be a level S∗-morphism.
The composition of S∗-morphisms of inverse systems is deﬁned as follows: If ( f , f nμ) : X → Y and (g, gnν) : Y → Z ,
then (g, gnν)( f , f
n
μ) = (h,hnν) : X → Z , where h = f g and hnν = gnν f ng(ν) . The identity S∗-morphism on X is the S∗-morphism
(1Λ,1nXλ ) : X → X , consisting of the identity function 1Λ and of the identity morphisms 1nXλ = 1Xλ in C , for every n ∈ N and
every λ ∈ Λ.
An S∗-morphism ( f , f nμ) : X → Y of inverse systems in C is said to be equivalent to an S∗-morphism ( f ′, f ′nμ ) : X → Y ,
denoted by ( f , f nμ) ∼ ( f ′, f ′nμ ), provided every μ ∈ M admits a λ ∈ Λ, λ f (μ), f ′(μ), and an n ∈ N, such that, for every
n′  n,
f n
′
μ p f (μ)λ = f ′n
′
μ p f ′(μ)λ.
The relation ∼ is an equivalence relation among S∗-morphisms of inverse systems in C . The equivalence class [( f , f nμ)]
of an S∗-morphism ( f , f nμ) : X → Y is brieﬂy denoted by f ∗ .
The category pro∗-C has as objects all inverse systems X in C and as morphisms all equivalence classes f ∗ = [( f , f nμ)] of
S∗-morphisms ( f , f nμ). Since the equivalence relation respects the composition of S∗-morphisms, the composition in pro∗-C
is well deﬁned by putting
g∗ f ∗ = h∗ ≡ [(h,hnν)],
where (h,hnν) = (g, gnν)( f , f nμ) = ( f g, gnν f ng(ν)). For every inverse system X in C , the identity morphism in pro∗-C is 1∗X =[(1Λ,1Xλ )].
A functor J ≡ JC : pro-C→ pro∗-C is deﬁned as follows. It keeps objects ﬁxed, i.e. J (X) = X , for every inverse system X
in C. If f ∈ pro-C(X,Y ) and if ( f , fμ) is any representative of f , then a morphism J ( f ) = f ∗ = [( f , f nμ)] ∈ pro∗-C(X,Y )
is represented by the S∗-morphism ( f , f nμ), where f nμ = fμ for all μ ∈ M and n ∈ N. The morphism f ∗ is said to be
induced by f . Since the functor J is faithful, we may consider the category pro-C as a subcategory of pro∗-C . Thus, every
morphism f in pro-C can be considered as a morphism of the category pro∗-C , too.
Recall that an index set (M,) is said to be coﬁnite if  is an ordering (μμ′ and μ′ μ implies μ = μ′) and every
μ ∈ M has at most ﬁnitely many predecessors. Concerning inverse systems indexed by coﬁnite index sets, we have a very
useful lemma which easily follows from Lemma 3.23 in [3].
Lemma 1. Let X = (Xλ, pλλ′ ,Λ) and Y = (Yμ,qμμ′ ,M) be inverse systems in C with M coﬁnite. Then every morphism f ∗ : X → Y
of pro∗-C admits a simple representative ( f , f nμ) : X → Y . Moreover, if ( f ′, f ′nμ ) is any simple representative of f ∗ , then, for every
μ ∈ M, there exists an nμ ∈ N such that, for every μ′ μ and every n nμ ,
f ′nμ′ p f ′(μ′) f ′(μ) = qμ′μ f ′nμ .
A morphism f ∗ : X → Y in pro∗-C does not admit, in general, a level representative. However, the following “reindexing”
theorem will help to overcome some technical diﬃculties related to this fact.
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exists a morphism f ′∗ : X ′ → Y ′ having a level representative (1N , f ′ν) and there exist isomorphisms i∗ : X → X ′ and j∗ : Y → Y ′ in
pro∗-C , such that the following diagram in pro∗-C commutes:
X
i∗
f ∗
Y
j∗
X ′
f ′∗
Y ′.
The analogous theorem (Theorem 1.1.3. in [6]) holds in a pro-category. Therefore, in each discussion about monomor-
phisms and epimorphisms concerning the category pro∗-C and pro-C it suﬃces to consider morphisms which admit a level
representatives. Moreover, we can assume that inverse systems are indexed by coﬁnite index sets.
3. Epimorphisms of pro∗-categories
Notice that a morphism f ∗ : X → Y is an epimorphism of the category pro∗-C if and only if for any representative
( f , f nμ) ∈ f ∗ and for any pair of S∗-morphisms (g, gnν), (g′, g′nν ) : Y → Z , the assumption (g, gnν)( f , f nμ) ∼ (g′, g′nν )( f , f nμ)
implies (g, gnν) ∼ (g′, g′nν ). The next theorem characterizes epimorphisms of the category pro∗-C , provided C is a category
admitting products.
Theorem 2. Let C be a category which admits products and let X = (Xλ, pλλ′ ,Λ) and Y = (Yλ,qλλ′ ,Λ) be inverse systems in C over
the same index set. Let a morphism f ∗ : X → Y in pro∗-C admit a level representative (1Λ, f nλ ). Then the following three conditions
are equivalent:
(i) f ∗ is an epimorphism;
(E) For every λ ∈ Λ, there exist a λ′ ∈ Λ, λ′  λ, such that, for every sequence (Pn
λ,λ′ ) of C-objects and for every pair (unλ,λ′ ), (vnλ,λ′ )
of sequences of C-morphisms un
λ,λ′ , v
n
λ,λ′ : Yλ → Pnλ,λ′ , the assumption unλ,λ′ f nλ = vnλ,λ′ f nλ , for every n ∈ N, implies the existence
of an n0 ∈ N, so that unλ,λ′qλλ′ = vnλ,λ′qλλ′ , for every n n0;
(E′) For every λ ∈ Λ, there exist a λ′  λ and an n0 ∈ N such that, for every n n0 , for every object Pnλ,λ′ ∈ Ob(C), and for every pair
un
λ.λ′ , v
n
λ,λ′ : Yλ → Pnλ,λ′ of C-morphisms, the assumption unλ,λ′ f nλ = vnλ,λ′ f nλ implies unλ,λ′qλλ′ = vnλ,λ′qλλ′ ;
(E′′) For every λ ∈ Λ, there exist a λ′ ∈ Λ, λ′  λ, such that, for every object Pλ,λ′ ∈ Ob(C) and for every pair (unλ,λ′ ), (vnλ,λ′ ) of
sequences of C-morphisms un
λ,λ′ , v
n
λ,λ′ : Yλ → Pλ,λ′ , the assumption unλ,λ′ f nλ = vnλ,λ′ f nλ , for every n ∈ N, implies the existence of
an n0 ∈ N, so that unλ,λ′qλλ′ = vnλ,λ′qλλ′ , for every n n0 .
Proof. (i) ⇒ (E). Assume, on the contrary, that a level representative (1Λ, f nλ ) of an epimorphism f ∗ does not satisfy
condition (E). Then, there exists a λ0 such that, for every λ′  λ0, there exist a sequence (Pnλ0,λ′ ) of C-objects and sequences
(un
λ0,λ
′ ), (vnλ0,λ′ ) of C-morphisms unλ0,λ′ , vnλ0,λ′ : Yλ0 → Pnλ0,λ′ , so that,
unλ0,λ′ f
n
λ0
= vnλ0,λ′ f nλ0 , for every n ∈ N, (2)
and, for every n ∈ N, there exists an n′  n such that
un
′
λ0,λ
′qλ0λ′ = vn
′
λ0,λ
′qλ0λ′ . (3)
Let Λ0 = {λ ∈ Λ | λ λ0}. Consider the product
P =
∏
(λ,n)∈Λ0×N
Pnλ0,λ
and the canonical projections p(λ,n) : P → Pnλ0,λ , for every (λ,n) ∈ Λ0 × N. According to the universal property of products,
there exists a unique C-morphism g : Yλ0 → P such that
p(λ,m)g = umλ0,λ, for every (λ,m) ∈ Λ0 × N. (4)
For every n ∈ N, put gn ≡ g : Yλ0 → P . Let us deﬁne, for every n ∈ N, a C-morphism g′n : Yλ0 → P by putting
p(λ,m)g
′n =
{
vnλ0,λ, for m = n,
umλ0,λ, for m = n.
(5)
The sequences (gn) and (g′n) of C-morphisms determine S∗-morphisms (c, gn), (c, g′n) : Y → P = (P ), where P is the
rudimentary inverse system and c is the constant index function given by c(0) = λ0. Note that(
gn
)(
1Λ, f
n
λ
)= (g′n)(1Λ, f nλ ). (6)
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p(λ,m)g
n f nλ0 = umλ0,λ f nλ0 (7)
and
p(λ,m)g
′n f nλ0 =
{
vnλ0,λ f
n
λ0
, for m = n,
umλ0,λ f
n
λ0
, for m = n. (8)
Therefore, by (2) the equality between (7) and (8) follows for every (λ,m), which establishes (6). Since f ∗ = [(1Λ, f nλ )] is
an epimorphism, (6) implies(
gn
)∼ (g′n).
Hence, there exist λ λ0 and n ∈ N, such that, for every n′  n,
gn
′
qλ0λ = g′n ′qλ0λ. (9)
Now, using (4), (9) and (5), for every n′  n, we obtain
un
′
λ0,λ
qλ0λ
(4)= p(λ,n′)gn′qλ0λ (9)= p(λ,n′)g′n
′
qλ0λ
(5)= vn′λ0,λqλ0λ.
However, this contradicts (3).
(E) ⇒ (E′). Assume that a level representative (1Λ, f nλ ) of a morphism f ∗ satisﬁes condition (E), but fails to satisfy
condition (E′). Then, there exists a λ0 ∈ Λ, such that for every λ′  λ0 and for every n ∈ N, there exists an n′  n and
there exist a C-object Pn′
λ0,λ
′ and a pair of C-morphisms un′λ0,λ′ , vn
′
λ0,λ
′ : Yλ0 → Pn′λ0,λ′ , such that un
′
λ0,λ
′ f n
′
λ0
= vn′
λ0,λ
′ f n
′
λ0
and
un
′
λ0,λ
′qλ0λ′ = vn
′
λ0,λ
′qλ0λ′ . Consequently, for each λ
′  λ0, there exists a strictly increasing sequence (nλ
′
k )k∈N of the positive
integers nλ
′
k = nλ
′
(k) such that, for every k ∈ N, there exist a C-object Pn
λ′
k
λ0,λ
′ and a pair of C-morphisms un
λ′
k
λ0,λ
′ , v
nλ
′
k
λ0,λ
′ : Yλ0 →
P
nλ
′
k
λ0,λ
′ , such that u
nλ
′
k
λ0,λ
′ f
nλ
′
k
λ0
= vn
λ′
k
λ0,λ
′ f
nλ
′
k
λ0
and u
nλ
′
k
λ0,λ
′qλ0λ′ = v
nλ
′
k
λ0,λ
′qλ0λ′ . Let us deﬁne, for every λ
′  λ0, sequences (tnλ0,λ′ ) and
(sn
λ0,λ
′ ) of C-morphisms by putting tnλ0,λ′ = u
nλ
′
k
λ0,λ
′ and snλ0,λ′ = v
nλ
′
k
λ0,λ
′ whenever n = nλ′k for some k ∈ N, and tnλ0,λ′ = snλ0,λ′ =
u
nλ
′
1
λ0,λ
′ otherwise. It is readily seen that, for every λ′  λ0,
tnλ0,λ′ f
n
λ0
= snλ0,λ′ f nλ0
holds, for every n ∈ N. Thus, for each λ′  λ0, we have constructed sequences (tnλ0,λ′ ) and (snλ0,λ′ ) such that the above
equality holds and for every n, there exists an n′  n (e.g. n′ = nλ′k , for some suﬃciently large k ∈ N) such that tn
′
λ0,λ
′qλ0λ′ =
sn
′
λ0,λ
′qλ0λ′ , which contradicts condition (E).
(E′) ⇒ (E′′). For an arbitrary λ, let λ′ and n0 be as in (E′). It suﬃces to put Pnλ,λ′ = Pλ,λ′ , for every n ∈ N, and apply (E′).
(E′′) ⇒ (i). Let us suppose that a level representative (1Λ, f nλ ) of a morphism f ∗ fulﬁlls condition (E′′). Let
(g, gnμ), (g
′, g′nμ ) : Y → Z = (Zμ, rμμ′ ,M) be arbitrary S∗-morphisms, such that(
g, gnμ
)(
1Λ, f
n
λ
)∼ (g′, g′nμ )(1Λ, f nλ ). (10)
In order to prove that f ∗ is an epimorphism of the category pro∗-C , it is suﬃce to show that(
g, gnμ
)∼ (g′, g′nμ ). (11)
Let a μ ∈ M be given. By (10), it follows the existence of a λ g(μ), g(μ′) and an n1 ∈ N such that
gnμ f
n
g(μ)pg(μ)λ = g′nμ f ng′(μ)pg′(μ)λ, (12)
whenever n n1. For this λ, let λ′  λ be as in condition (E′′). Further, since (1Λ, f nλ ) is a level S∗-morphism, for the pairs
g(μ) λ and g′(μ) λ, there exist n2 and n3 such that the appropriate commutativity conditions hold, respectively. Then,
for every n n2,
f ng(μ)pg(μ)λ = qg(μ)λ f nλ , (13)
and, for every n n3,
f n
′
′ pg′(μ)λ = qg′(μ)λ f n′λ . (14)g (μ)
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and using (12)–(14), one obtains
gnμqg(μ)λ f
n
λ = g′nμ qg′(μ)λ f nλ , (15)
for every n  n4 = max{n1,n2,n3}. Let us consider sequences (un) and (vn), of C-morphisms un, vn : Yλ → Zμ, where
un = gnμqg(μ)λ, for every n ∈ N, vn = g′nμ qg′(μ)λ, for every n n4 and vn = gnμqg(μ)λ , for n < n4. By (15), it follows
un f nλ = vn f nλ ,
for every n ∈ N. Now, by (E′′), there exists an n0 ∈ N such that
unqλλ′ = vnqλλ′ ,
for every n n0. Hence,
gnμqg(μ)λ′ = g′nμ qg′(μ)λ′
holds for every nmax{n0,n4}. This establishes (11) and completes the proof. 
Example 1. Since the category Set admits arbitrary products, we can apply Theorem 2 to the particular case C = Set. In such
a manner, one simpliﬁes the characterization of an epimorphism of the category pro∗-Set:
(E-Set) For every λ ∈ Λ, there exist a λ′ ∈ Λ, λ′  λ, and an n0 ∈ N such that qλλ′ (Yλ′ ) ⊆ f nλ (Xλ), for every n n0.
Indeed, condition (E-Set) is equivalent to (E′), in this special case. In order to prove it suppose that a level representative
(1Λ, f nλ ) of a morphism f
∗ in pro∗-Set satisﬁes (E-Set). For an arbitrary λ, let λ′ and n0 be as in (E-Set). Given any
n n0, let Pn be any C-object and let un, vn : Yλ → Pn be a pair of functions such that un f nλ = vn f nλ . It implies un| f nλ (Xλ) =
vn| f nλ (Xλ). Now, by (E-Set), it follows un|qλλ′ (Xλ′) = vn|qλλ′ (Xλ′ ), i.e. unqλλ′ = vnqλλ′ . Thus, we have shown that (1Λ, f nλ )
fulﬁlls (E′). Conversely, suppose that (1Λ, f nλ ) satisﬁes (E′). For an arbitrary λ ∈ Λ, let λ′  λ and n0 ∈ N be as in (E′). Let
us deﬁne, for every n ∈ N, functions un, vn : Yλ → P = {a,b} by the following rules:
un(y) = a, vn(y) =
{
a, for y ∈ f nλ (Xλ),
b, for y /∈ f nλ (Xλ).
Obviously, un f nλ = vn f nλ , for every n ∈ N. Now, (E′) yields unqλλ′ = vnqλλ′ , for every n  n0, which implies qλλ′ (Yλ′ ) ⊆
f nλ (Xλ), for every n n0.
Notice that in the proof of the implications (E′) ⇒ (E′′) and (E′) ⇒ (i) of Theorem 2, we did not use the assumption
that a category C admits products. Consequently, those implications hold in any category pro∗-C. It provides the following
suﬃcient conditions for f ∗ being an epimorphism of the category pro∗-C , for any category C:
Corollary 1. Let X = (Xλ, pλλ′ ,Λ) and Y = (Yλ,qλλ′ ,Λ) be inverse systems in an arbitrary category C over the same index set. Let a
morphism f ∗ : X → Y of pro∗-C admit a level representative (1Λ, f nλ ). If (1Λ, f nλ ) satisﬁes condition (E′) or condition (E′′), then f ∗
is an epimorphism.
Corollary 2. Let X = (Xλ, pλλ′ ,Λ) and Y = (Yλ,qλλ′ ,Λ) be inverse systems in an arbitrary category C over the same index set.
Let a morphism f ∗ : X → Y in pro∗-C admit a level representative (1Λ, f nλ ). If for every λ ∈ Λ, there exists an nλ ∈ N such that
f nλ : Xλ → Yλ is an epimorphism of C , for every n nλ , then f ∗ = [(1Λ, f nλ )] is an epimorphism of pro∗-C .
Proof. According to Corollary 1, it suﬃces to show that, for an S∗-morphism (1Λ, f nλ ), which satisﬁes the condition of the
corollary, condition (E′′) is fulﬁlled. In order to prove it, it suﬃces to put λ′ = λ and n0 = nλ, for any choice of sequences
(un
λ,λ′ ), (v
n
λ,λ′ ) of C-morphisms. Now, by the deﬁnition of an epimorphism of a category C , one can easily show that (1Λ, f nλ )
satisﬁes condition (E′′). 
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category C .
Corollary 3. Let f : X → Y be a morphism of a category C . The following three conditions are equivalent:
(i) f : X → Y is an epimorphism of C .
(ii) The induced morphism ( f ) : (X) → (Y ) is an epimorphism of pro-C .
(iii) The induced morphism f ∗ = J ( f ) : (X) → (Y ) is an epimorphism of pro∗-C .
Proof. The equivalence (i) ⇔ (ii) has been proved in [1], Corollary 2.2. The implication (iii) ⇒ (ii) follows by Proposition 1.
Concerning the implication (ii) ⇒ (iii) it suﬃces to notice that a representative ( f n) of the induced morphism J ( f ) : X → Y
consists of C-epimorphisms f n = f , for every n ∈ N. Therefore, by Corollary 2, we infer that f ∗ is an epimorphism of
pro∗-C. 
Analogously to the proof of Theorem 2, but much simpler, one can verify the next proposition which characterizes an
epimorphism of pro-C, where C is a category admitting products.
Proposition 2. Let C be a category admitting products and let X = (Xλ, pλλ′ ,Λ) and Y = (Yλ,qλλ′ ,Λ) be inverse systems in C over
the same index set. Let a morphism f : X → Y of pro-C admit a level representative (1Λ, fλ). Then f is an epimorphism of pro-C if
and only if the following condition holds:
(E-Pro) For every λ ∈ Λ, there exist a λ′  λ such that, for every pair u, v : Yλ → P of C-morphisms, P ∈ Ob(C), the assumption
u fλ = v fλ implies uqλλ′ = vqλλ′ .
Remark 1. J. Dydak and F.R. Ruiz del Portal have proved that condition (E-Pro) characterizes epimorphisms of pro-C , where
C is a category with push-outs (see [1]). That means, we have the following strengthening of Proposition 2.4. in [1]: Condi-
tion (E-Pro) characterizes epimorphisms of pro-C , where C is a category with push-outs or a category admitting products.
Now, we can state a theorem which enables us to answer in the aﬃrmative the question concerning epimorphisms in
Problem 2, for a category admitting products.
Theorem 3. Let C be a category admitting products. A morphism f : X → Y in pro-C is an epimorphism if and only if the induced
morphism f ∗ = J ( f ) : X → Y is an epimorphism of pro∗-C .
Proof. If the induced morphism f ∗ = J ( f ) is an epimorphism of pro∗-C , then (since pro-C can be viewed as a subcategory
of pro∗-C), by Proposition 1, the morphism f : X → Y is an epimorphism of pro-C . Conversely, suppose that f : X → Y
is an epimorphism of pro-C . By the “reindexing theorem”, there is no loss of generality in assuming that f is represented
by a level morphism (1Λ, fλ). Hence, the induced morphism f
∗ = J ( f ) : X → Y in pro∗-C is represented by the level S∗-
morphism (1Λ, f nλ ), f
n
λ = fλ , for all n ∈ N, λ ∈ Λ. Since, by Proposition 2, (1Λ, fλ) satisﬁes condition (E-Pro), the induced
S∗-morphism (1Λ, f nλ ) satisﬁes condition (E′) (it suﬃces to put n0 = 1). Now, by Theorem 2, it follows that f ∗ = [(1Λ, f nλ )]
is an epimorphism of pro∗-C . 
The assumption in the previous theorem that C admits products is essential. Namely, the next example shows that we
cannot omit that assumption, i.e. the necessity part of Theorem 3 fails for an arbitrary category C .
Example 2. Let C be the subcategory of the category Set which consists of the set of objects Ob(C) = {Z,N} ∪ {Z\{0},
Z\{0,−1},Z\{0,−1,−2}, . . .} and the morphisms are given by:
C(X, Y ) =
{ { f : X → Y |∑x∈X |x− f (x)| < ∞}, X ⊆ Y ,
∅, Y  X .
Notice that a morphism f : X → Y in C differs from the inclusion function i : X ↪→ Y at most at ﬁnitely many elements
of X . Let us deﬁne Y1 = Z and Yi = Z\{0, . . . ,−i + 2} for every i ∈ N\{1}. Further, let pii′ : Yi′ ↪→ Yi be the inclusion, for
every pair i  i′ . In that way, an inverse sequence Y = (Yi, pii′ ) in C is obtained. Let X denote the rudimentary inverse
sequence (N). Let f : X → Y denote the morphism in pro-C represented by a morphism ( f i) : X → Y , where f i : N ↪→ Yi is
the inclusion, for every i ∈ N. Then f is an epimorphism of pro-C . However, the induced morphism f ∗ = [( f ni )] = J ( f ) is
not an epimorphism of pro∗-C .
Indeed, let us ﬁrst prove that f is an epimorphism of pro-C. Consider a pair of morphisms g, g ′:Y → Z = (Zλ, pλλ′ ,Λ)
in pro-C such that g f = g ′ f . Let (g, gλ) and (g, g′ ) represent morphisms g and g ′ , respectively (in this situation we canλ
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Hence, gλ|N = g′λ|N. Notice that a function gλ can differ from g′λ at most at ﬁnitely many elements of Yg(λ) . If gλ = g′λ ,
let us denote by i0 the minimal element which distinguishes gλ from g′λ . Therefore, one has gλ|Y |i0|+2 = g′λ|Y |i0|+2, i.e.
gλpg(λ)|i0|+2 = g′λpg(λ)|i0|+2. Otherwise, one has gλ = g′λ . However, we have proved that (g, gλ) ∼ (g, g′λ), which shows that
f is an epimorphism of pro-C .
Now, let us prove, that the induced morphism f ∗ = [( f ni )] = J ( f ) is not an epimorphism of pro∗-C . Consider S∗-
morphisms (gn), (g′n) : Y → Z = (Z), where C-morphisms gn, g′n : Y1 → Z are given by
gn = 1Z, g′n(x) =
{ x, x = −n,
0, x = −n.
It is readily seen that (gn)( f ni ) = (g′n)( f ni ). Assume, on the contrary, that (gn) ∼ (g′n). Then, there exist an i ∈ N and an
n ∈ N such that gn′ p1i = g′n′ p1i , for every n′  n. Now, it follows that, for n′ max{i,n}, gn′ |p1i(Yi) = g′n′ |p1i(Yi). Thus,
gn′(−n′) = g′n′(−n′), which is an obvious contradiction. Therefore, f ∗ is not an epimorphism of pro∗-C.
4. Monomorphisms of pro∗-categories
A morphism f ∗ : X → Y is a monomorphism of the category pro∗-C if and only if, for any representative ( f , f nμ) ∈
f ∗ and for any pair of S∗-morphisms (g, gnλ), (g′, g′nλ ) : Z → X , the assumption ( f , f nμ)(g, gnλ) ∼ ( f , f nμ)(g′, g′nλ ) implies
(g, gnλ) ∼ (g′, g′nλ ). By dualizing Theorem 2, one obtains the next theorem which characterizes a monomorphism of pro∗-C ,
where C is any category admitting sums.
Theorem 4. Let C be a category admitting sums and let X = (Xλ, pλλ′ ,Λ) and Y = (Yλ,qλλ′ ,Λ) be inverse systems in C indexed by
the same coﬁnite index set Λ. Let a morphism f ∗ : X → Y in pro∗-C admit a level representative (1Λ, f nλ ). Then the following three
conditions are equivalent:
(i) f ∗ is a monomorphism;
(M) For every λ ∈ Λ, there exists a λ′  λ such that, for every sequence (Pn
λ,λ′ ) of C-objects and for every pair (unλ,λ′ ) and (vnλ,λ′ ) of
sequences of C-morphisms un
λ,λ′ , v
n
λ,λ′ : Pnλ,λ′ → Xλ′ , the assumption f nλ′unλ,λ′ = f nλ′ vnλ,λ′ , for every n ∈ N, implies the existence
of an n0 ∈ N, so that pλλ′unλ,λ′ = pλλ′ vnλ,λ′ , for every n n0;
(M′) For every λ ∈ Λ, there exist a λ′  λ and an n0 ∈ N such that, for every n  n0 , for every C-object Pnλ,λ′ , and for every pair
un
λ,λ′ , v
n
λ,λ′ : Pnλ,λ′ → Xλ′ of C-morphisms, the assumption f nλ′unλ,λ′ = f nλ′ vnλ,λ′ implies pλλ′unλ,λ′ = pλλ′ vnλ,λ′ ;
(M′′) For every λ ∈ Λ, there exist a λ′  λ such that, for every object Pλ,λ′ ∈ Ob(C) and for every pair (unλ,λ′ ), (vnλ,λ′ ) of sequences of
C-morphisms un
λ,λ′ , v
n
λ,λ′ : Pnλ,λ′ → Xλ′ , the assumption f nλ′unλ,λ′ = f nλ′ vnλ,λ′ , for every n ∈ N, implies the existence of an n0 ∈ N,
so that pλλ′unλ,λ′ = pλλ′ vnλ,λ′ , for every n n0 .
Proof. (i) ⇒ (M). Assume, on the contrary, that a level representative (1Λ, f nλ ) of a monomorphism f ∗ does not satisfy
condition (M). Therefore, there exists a λ0 such that, for every λ′  λ0, there exist a sequence (Pnλ0,λ′) of C-objects and
sequences (un
λ0,λ
′ ), (vnλ0,λ′ ) of C-morphism unλ0,λ′ , vnλ0,λ′ : Pnλ0,λ′ → Xλ′ so that,
f nλ′u
n
λ0,λ
′ = f nλ′ vnλ0,λ′ , for every n ∈ N, (16)
and, for every n ∈ N, there exists an n′  n such that
pλ0λ′u
n′
λ0,λ
′ = pλ0λ′ vn
′
λ0,λ
′ . (17)
To simplify notations of objects Pn
λ0,λ
′ , and morphisms unλ0,λ′ and v
n
λ0,λ
′ , we shall omit the ﬁxed index λ0. For every λ λ0,
let the subset {λ′ ∈ Λ | λ′  λ} of Λ be denoted by Λλ . Since Λλ0 is coﬁnal in Λ, restrictions of X and Y to subsystems
(Xλ, pλλ′ ,Λλ0 ) and (Yλ,qλλ′ ,Λλ0 ) induce isomorphisms in pro
∗-C , respectively. Consequently, a morphism [(1Λλ0 , f nλ )] :
(Xλ, pλλ′ ,Λλ0 ) → (Yλ,qλλ′ ,Λλ0 ), represented by a restriction of a morphism (1Λ, f nλ ), is a monomorphism as well. Further,
because Λλ0 is coﬁnite, by Lemma 1, for every λ ∈ Λλ0 , there exists an nλ ∈ N such that
f nλ′ pλ′λ = qλ′λ f nλ ,
for every λ′  λ, whenever n nλ . Then, by (16),
f nλ′ pλ′λu
n
λ = f nλ′ pλ′λvnλ, (18)
for every pair λ′  λ in Λλ0 , whenever n nλ . Now consider, for every λ ∈ Λλ0 , the sum
Zλ =
⊕
′
Pnλ′
(λ ,n)∈Λλ×N
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universal property of sums, for every pair λ λ′ in Λλ0 , there exists a unique C-morphism rλλ′ : Zλ′ → Zλ such that
rλλ′ ι
n
λ′′,λ′ = ιnλ′′,λ, for every (λ′′,n) ∈ Λλ′ × N. (19)
A straightforward veriﬁcation shows that rλλ′rλ′λ′′ = rλλ′′ , for λ λ′  λ′′ . Thus, an inverse system Z = (Zλ, rλλ′ ,Λλ0 ) in C is
obtained. Using the universal property of sums, we will now deﬁne, for all λ ∈ Λλ0 and n ∈ N, C-morphisms
gnλ, g
′n
λ : Zλ → Xλ,
by putting
gnλι
m
λ′,λ = pλλ′umλ′ : Pmλ′ → Xλ, (20)
g′nλ ιmλ′,λ =
{
pλλ′umλ′ : Pmλ′ → Xλ, for m = n or n < nλ′ ,
pλλ′ vnλ′ : Pnλ′ → Xλ, for m = n and n nλ′ ,
(21)
for every (λ′,m) ∈ Λλ × N. For every pair λ λ′ in Λλ0 and every n ∈ N, the equality
gnλrλλ′ ι
m
λ′′,λ′
(19)= gnλιmλ′′,λ (20)= pλλ′′umλ′′ = pλλ′ pλ′λ′′umλ′′ (20)= pλλ′ gnλ′ ιmλ′′,λ′
holds for every (λ′′,m) ∈ Λλ′ × N. It follows that
gnλrλλ′ = pλλ′ gnλ′ , for all λ λ′ and n ∈ N,
which shows that (1Λλ0 , g
n
λ) : (Xλ, pλλ′ ,Λλ0 ) → (Yλ,qλλ′ ,Λλ0 ) is an S∗-morphism. Similarly, for every pair λ  λ′ in Λλ0
and every n ∈ N, the equality
g′nλ rλλ′ ιmλ′′,λ′
(19)= g′nλ ιmλ′′,λ (21)=
{
pλλ′′umλ′′ : Pmλ′′ → Xλ, m = n or n < nλ′′ ,
pλλ′′ vnλ′′ : Pnλ′′ → Xλ, m = n and n nλ′′ ,
=
{
pλλ′ pλ′λ′′umλ′′ , m = n or n < nλ′′
pλλ′ pλ′λ′′ vnλ′′ , m = n and n nλ′′
(21)= pλλ′ g′nλ′ ιmλ′′,λ′ ,
holding for every (λ′′,m) ∈ Λλ′ × N, implies that (1Λλ0 , g′nλ ) : (Xλ, pλλ′ ,Λλ0 ) → (Yλ,qλλ′ ,Λλ0 ) is an S∗-morphism. In order
to verify(
1Λλ0 , f
n
λ
)(
1Λλ0 , g
n
λ
)∼ (1Λλ0 , f nλ )(1Λλ0 , g′nλ ), (22)
consider an arbitrary λ ∈ λλ0 . By (20) and (21), for every n ∈ N, it follows
f nλ g
n
λι
m
λ′,λ = f nλ pλλ′umλ′ , (23)
f nλ g
′n
λ ι
m
λ′,λ =
{
f nλ pλλ′u
m
λ′ , m = n or n < nλ′ ,
f nλ pλλ′ v
n
λ′ , m = n and n nλ′ ,
(24)
for every (λ′,m) ∈ Λλ . Now, using (18), one has the equality between (23) and (24). Then, the universal property of sums
yields f nλ g
n
λ = f nλ g′nλ , for every n ∈ N, which establishes (22). By the assumption that [(1Λλ0 , f nλ )] is a monomorphism, it
follows that(
1Λλ0 , g
n
λ
)∼ (1Λλ0 , g′nλ ).
Therefore, there exist a λ λ0 and an n ∈ N such that
gn
′
λ0
rλ0λ = g′n
′
λ0
rλ0λ, (25)
for every n′  n. Then, for every λ′ ∈ Λλ , and n′ max{nλ′ ,n}, one has
gn
′
λ0
ιn
′
λ′,λ0
(19)= gn′λ0rλ0λιn
′
λ′,λ
(25)= g′n′λ0 rλ0λιn
′
λ′,λ
(19)= g′n′λ0 ιn
′
λ′,λ0 . (26)
Finally, for any λ′  λ, we conclude that
pλ0λ′u
n′
λ′
(20)= gn′λ0 ιn
′
λ′,λ0
(26)= g′n′λ0 ιn
′
λ′,λ0
(21)= pλ0λ′ vn
′
λ′ ,
for every n′ max{nλ′ ,n}, which contradicts (17).
(M) ⇒ (M′′). Suppose that an S∗-morphism (1Λ, f nλ ) satisﬁes condition (M), but fails to satisfy condition (M′′). Then there
exists a λ0 such that, for every λ′ ∈ Λ, λ′  λ0 and every n ∈ N, there exist an n′  n and there exist a C-object Pn′λ0,λ′ and a
pair of C-morphism un′ ′ , vn′ ′ : Pn′ ′ → Xλ′ such that f n′′ un′ ′ = f n′′ vn′ ′ and pλ λ′un′ ′ = pλ λ′ vn′ ′ . That means that,λ0,λ λ0,λ λ0,λ λ λ0,λ λ λ0,λ 0 λ0,λ 0 λ0,λ
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′
k )k∈N of positive integers n
λ′
k = nλ
′
(k) such that, for each
k ∈ N, there exists a C-object Pn
λ′
k
λ0,λ
′ and a pair of C-morphisms un
λ′
k
λ0,λ
′ , v
nλ′k
λ0,λ
′ : Pn
λ′
k
λ0,λ
′ → Xλ′ such that f n
λ′
k
λ′ u
nλ
′
k
λ0,λ
′ = f n
λ′
k
λ′ v
nλ
′
k
λ0,λ
′
and pλ0λ′u
nλ
′
k
λ0,λ
′ = pλ0λ′ v
nλ
′
k
λ0,λ
′ . Let us deﬁne, for every λ′  λ0, sequences (tnλ0,λ′ ) and (s
n
λ0,λ
′) of C-morphisms as follows.
We put tn
λ0,λ
′ = un
λ′
k
λ0,λ
′ and snλ0,λ′ = v
nλ
′
k
λ0,λ
′ , whenever for an n ∈ N there exists a k ∈ N such that n = nλ′k . Otherwise, we
put tn
λ0,λ
′ = snλ0,λ′ = u
nλ
′
1
λ0,λ
′ . Thus, for each λ′  λ0, we have constructed sequences (tnλ0,λ′ ) and (s
n
λ0,λ
′ ) such that f nλ′t
n
λ0,λ
′ =
f n
λ′ s
n
λ0,λ
′ , for every n ∈ N, and for every n, there exists an n′  n (e.g. n′ = nλ′k , for some suﬃciently large k ∈ N) such that
pλ0λ′t
n′
λ0,λ
′ = pλ0λ′ sn
′
λ0,λ
′ , which contradicts condition (M).
(M′) ⇒ (M′′). It suﬃces to put Pn
λ,λ′ = Pλ,λ′ for every n ∈ N, and apply (M′′).
(M′) ⇒ (i). Suppose that a level representative (1Λ, f nλ ) of a morphism f ∗ fulﬁlls condition (M′′). Let g∗, g ′∗ : Z =
(Zμ, rμμ′ ,M) → X be arbitrary morphisms in pro∗-C such that f ∗g∗ = f ∗g ′∗ . According to Lemma 1, morphisms g∗ and
g ′∗ admit simple representatives (g, gnλ) and (g′, g′nλ ), respectively. Therefore,(
1Λ, f
n
λ
)(
g, gnλ
)∼ (1Λ, f nλ )(g′, g′nλ ). (27)
In order to prove that f ∗ is a monomorphism, it suﬃces to prove that(
g, gnλ
)∼ (g′, g′nλ ). (28)
For an arbitrary λ ∈ Λ, let λ′  λ be as in (M′′). Then, (27) implies the existence of a μ g(λ′), g′(λ′) and an n1 ∈ N such
that
f nλ′ g
n
λ′rg(λ′)μ = f nλ′ g′nλ′ rg′(λ′)μ, (29)
for every n  n1. Let us consider sequences (un) and (vn) of C-morphisms un, vn : Zμ → Xλ′ , where un = gnλ′rg(λ′)μ , for
every n ∈ N, vn = g′n
λ′ rg′(λ′)μ , for every n n1, and vn = gnλ′rg(λ′)μ , for n < n1. By (29), it follows
f nλ′u
n = f nλ′ vn,
for every n ∈ N. Now by (M′′), there exists an n0 ∈ N such that
pλλ′u
n = pλλ′ vn,
for every n n0, which implies
pλλ′ g
n
λ′rg(λ′)μ = pλλ′ g′nλ′ rg′(λ′)μ, (30)
for every n n2 = max{n0,n1}. Further, since (g, gnλ) and (g′, g′nλ ) are simple S∗-morphisms, for the pair λ λ′ there exist
n3,n4 ∈ N such that the appropriate commutativity conditions hold, respectively. Therefore, for every n n3,
gnλrg(λ)g(λ′) = pλλ′ gnλ′ , (31)
and, for every n n4,
g′nλ rg′(λ)g′(λ′) = pλλ′ g′nλ′ . (32)
By chasing the following diagram
and using (30)–(32) one can prove that
gn
′
λ rg(λ)μ = g′n
′
λ rg′(λ)μ,
for every nmax{n2,n3,n4}, which establishes (28). 
Notice that in the proof of the implications (M′′) ⇒ (i) and (M′) ⇒ (M′′) of the previous theorem we have not used the
assumption that the category C admits sums. Thus, those implications hold in any category pro∗-C. It provides the following
suﬃcient conditions for f ∗ being a monomorphism of the category pro∗-C , for any category C:
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set. Let a morphism f ∗ : X → Y in pro∗-C admit a level representative (1Λ, f nλ ). If (1Λ, f nλ ) satisﬁes condition (M′) or (M′′), then f ∗
is a monomorphism.
Corollary 5. Let X = (Xλ, pλλ′ ,Λ) and Y = (Yλ,qλλ′ ,Λ) be inverse systems in C over the same coﬁnite index set. Let a morphism
f ∗ : X → Y in pro∗-C admit a level representative (1Λ, f nλ ). If for every λ ∈ Λ, there exists an nλ ∈ N such that f nλ : Xλ → Yλ is a
monomorphism of C , for every n nλ , then f ∗ = [(1Λ, f nλ )] is a monomorphism of pro∗-C .
Proof. According to Corollary 4, it is suﬃcient to show that, for an S∗-morphism (1Λ, f nλ ), which satisﬁes the condition of
the corollary, condition (M′′) is fulﬁlled. In order to prove this, it is suﬃcient to put λ′ = λ and n0 = nλ , for any choice of
sequences (un
λ,λ′ ), (v
n
λ,λ′ ) of C-morphisms. Now, by the deﬁnition of a monomorphism of a category C , one can easily show
that (1Λ, f nλ ) satisﬁes condition (M
′′). 
The next corollary provides an aﬃrmative answer to the question concerning monomorphisms in Problem 1, for every
category C .
Corollary 6. Let f : X → Y be a morphism in an arbitrary category C . The following three conditions are equivalent:
(i) f : X → Y is a monomorphism in C .
(ii) The induced morphism ( f ) : (X) → (Y ) is a monomorphism of pro-C .
(iii) The induced morphism f ∗ = J ( f ) : (X) → (Y ) is a monomorphism of pro∗-C .
Proof. The equivalence (i) ⇔ (ii) has been proved in [1], Corollary 2.2. The implication (iii) ⇒ (ii) follows by Proposition 1.
Concerning the implication (ii) ⇒ (iii) it suﬃces to notice that, for a given C-monomorphism f : X → Y , a representa-
tive ( f n) of the induced morphism J ( f ) : X → Y consists of C-monomorphisms f n = f , for every n ∈ N. Therefore, by
Corollary 5, we infer that f ∗ is a monomorphism of pro∗-C . 
The next theorem enables us to answer in the aﬃrmative the question concerning monomorphisms in Problem 2, for a
category admitting sums.
Theorem 5. Let C be a category admitting sums. A morphism f : X → Y in pro-C is a monomorphism if and only if the induced
morphism f ∗ = J ( f ) : X → Y is a monomorphism of pro∗-C .
Proof. If the induced morphism f ∗ = J ( f ) is a monomorphism of pro∗-C , then (since pro-C can be viewed as a sub-
category of pro∗-C) by Proposition 1, f : X → Y is a monomorphism of pro-C . Conversely, suppose that f : X → Y is a
monomorphism of pro-C . By the “reindexing theorem”, there is no loss of generality in assuming that f is represented
by a level morphism (1Λ, fλ). By Proposition 2.2 in [1], a representative (1Λ, fλ) of f satisﬁes the following condition:
For every λ ∈ Λ, there exists a λ′  λ such that, for every pair u, v : P ∈ Ob(C) → Xλ′ of C-morphisms, fλ′u = fλ′ v im-
plies pλλ′u = pλλ′ v . The induced morphism f ∗ = J ( f ) : X → Y in pro∗-C is represented by the induced level S∗-morphism
(1Λ, f nλ ), f
n
λ = fλ , for all n ∈ N, λ ∈ Λ. Now, one can easily verify that (1Λ, f nλ ) satisﬁes condition (M′′) (it suﬃces to put
n0 = 1). Therefore, by Theorem 4, f ∗ is a monomorphism of pro∗-C . 
The assumption in the previous theorem that C admits sums is essential. Namely, the next example shows that we
cannot omit that assumption, i.e. the necessity part of Corollary 5 fails for an arbitrary category C .
Example 3. Let C denote the full subcategory of the category Top of topological spaces, whose objects are compact connected
spaces. On the segment I = [0,1] choose a strictly decreasing sequence such that lim ζn = 0. Let us put xi = ζ2i−1 and
x′i = ζ2i for every i ∈ N. Let J be the quotient space I/R where R identiﬁes each pair of points {xi, x′i}, i ∈ N, and let
h : I → J be the corresponding quotient mapping. Let Xi = [0, xi] and Yi = h(Xi), i ∈ N. Let X = (Xi, pii′ ,N) and Y =
(Yi,qii′ ,N) be inverse sequences in C having inclusions as bonding maps. Notice that for maps f i = h|Xi : Xi → Yi the
equality f i(xi′ ) = f i(x′i′ ) holds, for all i′  i. According to the proof of Proposition 3.12 in [1], the morphism f = [(1N, f i)] :
X → Y in pro-C is a monomorphism. However, the induced morphism f ∗ = J ( f ) = [(1N, f ni )] : X → Y , f ni = f i, . . . ,n ∈ N,
is not a monomorphism of pro∗-C .
Indeed, assume on the contrary, i.e. that f ∗ is a monomorphism of pro∗-C . Let Z = (Zi, rii′) be an inverse sequence in C
having singletons {∗} as terms. Deﬁne maps gni , g′ni : Zi → Xi , for all i,n ∈ N, as follows:
gni (∗) =
{
xn, for n i, g′ni (∗) =
{
x′n, for n i,
x′, for n < i.xi, for n < i, i
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level S∗-morphisms. Since, f ni g
n
i = f ni g′ni , for all i,n ∈ N, it follows (1N, f ni )(1N, gni ) ∼ (1N, f ni )(1N, g′ni ). Now, by assumption
that f ∗ is a monomorphism, one obtains (1N, gni ) ∼ (1N, g′ni ). Therefore, there exist i ∈ N and n ∈ N such that, for every
n′  n, gn′1 r1i = g′n
′
1 r1i . This means that xn′ = x′n′ , for every n′  n, which is a contradiction.
Remark 2. Since the category Grp (the category of groups and homomorphisms) admits sums and products, we can apply
Theorems 4 and 2 to obtain simpler characterization forms for monomorphisms and epimorphisms in pro∗-Grp. One readily
sees (see [4, Example 1]) that a level morphism (1Λ, f nλ ) : X → Y represents monomorphism (epimorphism) in pro∗-Grp if
and only if for every λ ∈ Λ there exist a λ′ ∈ Λ, λ′  λ, and an n0 ∈ N such that ker f nλ′ ⊆ ker pλλ′ (Imqλλ′ ⊆ Im f nλ ), for
every n n0.
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